In this paper, we propose a calibration estimator of population mean in stratified sampling using the known mean and variance information from multi-auxiliary variables. The problem of determining the optimum calibrated weights is formulated as an optimisation problem and is solved using the Lagrange multiplier technique. A numerical example with real data is presented to illustrate the computational details of the proposed estimator. A comparison study is also carried out using real and simulated data to evaluate the performance and the usefulness of the proposed estimator. The study reveals that the proposed estimator with multi-auxiliary information is the most efficient estimator of the population mean when compared to other estimators as it provides least estimated variance and highest gain in relative efficiency (RE).
Introduction
Calibration estimation, on which the current research is conducted, dates back to 1992. A large amount of literature is being devoted to it, gaining significant attention in the field of survey methodology and survey practice. It is a technique that uses available auxiliary information to improve the precision of the survey estimates. The technique works by minimising the chi-square distance function subject to some calibration constraints. The notion of calibration estimators was first introduced by [1] in survey sampling.
Since then several survey statisticians have contributed to the study of calibrated estimation in survey sampling [2, 3, 6, 10, 13, 11, 12, 15] . Singh et al. [10] introduced the calibration approach in stratified random sampling C192 where they proposed the combined generalised regression (GREG) estimator of population mean using the known mean information from a single auxiliary variable. Later, many authors have contributed to the theory of calibration estimation in stratified sampling [5, 8, 7, 11, 9, 14] .
The purpose of this paper is to propose a calibration estimator of population mean in stratified sampling using the known mean and variance information from several auxiliary variables. Our main contributions include (1) introducing new calibration constraints; (2) generalising the problem with multi-auxiliary variables; (3) investigating the efficiency of the proposed estimators; and (4) investigating whether the information from several auxiliary variables improves the estimate of population mean.
The problem of determining the optimum calibrated weights is formulated as an optimisation problem that minimises the chi-square type distance, subject to some new calibration constraints. The problem is then solved to determine the calibrated weights using the Lagrange multiplier technique. The computational details of the procedure are illustrated in the presence of two auxiliary variables. A numerical example with real data is presented to demonstrate the computational details of the proposed estimator. To compare the efficiency gain of the proposed multivariate estimator with the other calibration estimators a comparison study is carried out. The study reveals that the proposed multivariate estimator is more efficient than the other calibration estimators.
The Problem of Calibrated Weights
Consider that a finite population U = {1, 2, ..., i, ..., N} of size N is stratified into L strata U h = {1, 2, ..., i, ..., N h } containing N h units in hth stratum (h = 1, 2, ..., L) such that L h=1 N h = N and let W h = N h /N be the stratum weights. A sample of size n, comprising of n h units from strata, h is drawn using simple random sampling without replacement (SRSWR). Let y hi and C193 x hij denote the value of ith unit from hth stratum for the study variable y and the jth auxiliary variable x j ; j = 1, 2, ..., i, ..., p, respectively. For each stratum, h:ȳ h = 1 n h n h i=1 y hi is the sample mean of the study variable. Assume that stratum meansX hj = 1 N h N h i=1 x hij and the stratum variances
of all the p auxiliary variables are accurately known. The purpose of the study is to propose a calibration estimator of the population meanȲ =
y hi by using the information from p auxiliary variables
The stratified estimator of the population mean is given bȳ
In the presence of p auxiliary variables x j ; j = 1, 2, ..., p a new calibration estimator of the population mean under stratified sampling is given bȳ
where W * h are called the calibrated weights. The weights W * h are so chosen such that the chi-square type distance function
is minimum, subject to the calibration constraints
where
are the weights associated with the variance,
2 and q hj are suitably chosen constants to obtain different forms of the estimator. Motivated by the calibration constraint given by [14] , we have proposed a similar constraint as in (6) by introducing the weights d h .
Thus, the problem of determining the optimum calibrated weights W * h may be formulated as an optimisation problem given below:
are suitably chosen constants to obtain different forms of the estimator.
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Determining the Optimum Calibrated Weights
It can be seen that the objective function of problem (7) is convex and the constraints are linear equations, hence the Lagrange multiplier technique will yield an optimum solution. Thus we can use Lagrange multiplier technique to solve the problem (7) and determine the optimum values of W * h . Defining λ 0 , and λ j , ϕ j for j = 1, 2, ..., p, as Lagrange multipliers, the Lagrange function is given by
The necessary and sufficient conditions for solving optimum values of W * h are
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and
From (9) we have
where λ 0 , λ j and ϕ j for j = 1, 2, ..., p will be obtained using [4] by solving a system of nonlinear equations (10)- (12) 
Numerical Illustration and Comparison Study
In this section, we illustrate the computational details and demonstrate the performance of the proposed estimator using the tobacco data (Source: Agriculture Statistics 1999 [11] ).
Numerical Illustration
In order to illustrate the computational details of the proposed estimator, we now describe the tobacco population. The population consists of data of N = 106 counties with three variables: area (in hectares), yield (in metric tons) and production (in metric tons). The countries were divided into L = 10 strata and a sample of n = 40 countries using proportional allocation was selected. Suppose that an estimate of average production of tobacco Ȳ is of interest using the two auxiliary variables x 1 = area and x 2 = yield. To determine the multivariate calibrated weights and the value of the estimate ofȲ in stratified sampling we use the same sample units as obtained in [11] and we assume that Q h = 1. The information needed for computation is summarised in Table 1 and Table 2 . Substituting (13) in equations (10)- (12) and solving the system of nonlinear equations using [4] we obtain λ 0 = 0.63, λ 1 = 2.64 × 10 −6 , λ 2 = −0.50, ϕ 1 = −4.04 × 10 −11 and ϕ 2 = 3.12. The optimum calibrated weights W * h are obtained and presented in Column 2 of Table 3 . The calibrated weights of other estimators to be discussed in Subsection 4.2 are also presented in Columns 3, 4, 5 and 6 of Table 3 and will be later used for comparing the efficiency of the estimators.
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Using (2), an estimate of the average production of tobacco using the proposed estimator is given byȳ
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Comparison Study
In this Subsection, using the tobacco data a comparison study is carried out on the efficiency of the following calibration estimators:
4. A univariate estimator of (2),ȳ
) and the auxiliary variable is x 1 = area.
Proposed multivariate estimatorȳ
To compare the efficiency of the above estimators with respect to the stratified estimatorȳ st , we compute the measure of relative efficiency (RE) as
is the estimated variance ofȳ st ,v Ŷ is the estimated variance of a calibration estimator and s is computed using the lower level calibration approach (see [11] ) that is by replacing the stratum weights with the calibrated weights in equation (16).
Based on the tobacco population used in Subsection 4.1, we compare the performance of the proposed estimator based on the two auxiliary variables (x 1 = Area and x 2 = Yield) and other calibration estimators on the single auxiliary variable (x 1 = Area). It should be noted that the true average production of the tobacco crop for this population isȲ = 52444.56. In Table 4 , the Columns 2, 3 and 4 presents the estimated average production of tobacco Ŷ , the estimated variancev Ŷ and the relative efficiency (RE) for different estimators considered.
Finally, amongst all the estimators, it was found that the proposed estimator y * st has the smallest estimated variance and highest RE. Thus, the study reveals that the estimatorȳ * st is the most efficient estimator of population mean in stratified sampling using the tobacco data. The gain in efficiency of the proposed estimator over the stratified estimator is 550.96%.
A comparison study was also carried out using a simulated data and similar results were obtained that is the proposed estimatorȳ * st has the least estimated variance and highest gain in RE and hence the most efficient estimator (see Table 5 for the results of the simulated data). The gain in efficiency of the proposed estimator over the stratified estimator is 386.85%. 
Conclusion
In surveys, the statisticians are often interested to improve the precision of the survey estimates. The calibration approach is one such technique that incorporates the auxiliary information in survey sampling to improve the precision of the survey estimates.
In this paper, we considered the problem of determining the optimum calibrated weights and the optimum calibration estimator of population mean in stratified sampling, when the auxiliary information (mean and/or variance) from several variables are available. The problem is formulated as an optimisation problem that seeks minimisation of the chi-square distance function, subject to the proposed calibration constraints. The problem is then solved using the Lagrange multiplier technique. A numerical example with a real data are presented to illustrate the computational details of the proposed estimator. A comparison study with a real and a simulated data is carried out to determine the performance of the proposed estimator. The results show that the proposed estimator is the most efficient estimator of population mean in stratified sampling. Thus, it can be concluded that the precision of
